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...a 59. Comparing Areas Consider the two squ ares with sides x and x + > shown below. 
d) If the area of the red square is 81 square inches, What . 

the length o( each side of the square? 1
s 

c) If the area of the red square is 92 square inches, What. 

□x □ 
the length of each side of the square? 1

s 
60. Area Consider the figure below. lf the area shaded in . . . h . f' d pink is approximately 153.94 square inc es, m x (to the n 

\ X + ] 
c 

ea rest 

a) Write a quadratic expression for the area of each square. 
b) lf the area of the blue square is 36 square inches, what is 

the leng,th of each side of the square? 
c) lithe area of the blue square is 50 square inches, what is 

the length of each side of the square? 

hundredth) . 

----- -- - -Ch.1lh'n°t' Problems :--

~ 
X 

' g 

Use rh e square root property to solve for the indicated variable. Assume that all variables represent positive numbers. You may wish 10 re, iew Section 2.6 before working these problems. List only the positive square root. 
61. A = sc, for s 

64. a" + b2 = c2, for b 

Ct1mulative Review Exercises 
lS.41 67. Factor 6x2 

- 15x - 36. 

1 
5--

l 6.51 68. Simplify ----f. 
6--

y 

62. I = p2r, for p 63. A == 1rr2
, for r 

k 
65. I = d2 , for d 66. A == p(l + r)2, for r 

y 

.. - 5 _..., 

. -r-l- -+--r- -

X P.41 69. Determine the equation of the line illustrated in the 
graph on the right. 

l 
t 

3 4 5 

(9 .41 
vus7b 70. Simplify _ ~ . 

V 3a5b7 

I I 

l 

See Exercise 69. 

10.2 Solving Quadratic Equations by Completing 
the Square 

a Write perfect square 
t rinomials. 

El Solve quadratic equations 
by complet ing the square. 

Quadratic equations that cannot be solved by factoring can be solved by completing the square or by the quadratic formula. In this section we focus on completing rbe square. 

D Write Perfect Square Trinomials 

Perfect Square Trinomial 

A 1>erfect square trinomial is a trinomia\ that can be expressed as the square of a binomial. 



unde rst a nding 
,Algebra 

trinornial that is a square of 
Ab·nornial is called a perfect a I . 

Ore trinom,al. squ 

Underst a nding - -
Algebra 

The constant term in a 
perfect square trinomial is 
always positive since you are 

1 
squaring 2 of the coefficient 

of the x-term. 

Section 10.2 Solving Quadratic Equations by Completing the Square 

Some examples foll ow. 

Perfect Square Trinomia ls 

x 2 + 6x + 9 
x 2 

- 6x + 9 
x 2 + lOx + 25 
x 2 

- lOx + 25 

Factors 

(x + 3)(x + 3) 
(x - 3)(x - 3) 
(x + 5)(x + 5) 
(x - 5)(x - 5) 

Square of a Binomial 

(x + 3) 2 

(x - 3) 2 

(x + 5) 2 

(x - 5)2 
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In a perfect square trinomial, when the coefficient of the squared term is l, the constant 
term is the square of one-half the coefficient of the x-term. 

Consider the perfect square trinomial x 2 + 6x + 9. 

x 2 + 6 + 9 

6 is th e coefficient of 6x. / ~ is th e constant. 

[½ (6) r = 32 = 9 Take½ of 6, and then square. 

Consider the perfect square trinomial x 2 - lOx + 25. 

x 2 -lOx + 25 

- 10 is the coeffici ent of - lOx . / \ 25 is the cons tant. 

[ _!_ (-10) ]
2 

= (-5)2 = 25 Take I. of - 10, and then square. 
2 2 

Consider the expression x 2 + Bx + . Can you determine what number must be 
placed in the colored box to make the trinomial a perfect square trinomial? If you an­
swered 16, you answered correctly. 

X2 +BX+ 

T he constant is 16. 

The perfect square trinomial is x 2 + Bx + 16. Note that x 2 + Bx + 16 = ( x + 4 )2. 
Let's examine perfect square trinomials a little further. 

Perfect Square Trinomial 

x 2 + 6 X + 9 

~ _!_(6) 
2 

x2 
- 10 X + 25 

~ 1 
-(-10) 
2 

Square of a Binomial 

(x + 3)2 

3/ 

(x - 5) 2 

-5 / 

Note that when a perfect square trinomial is written as the square of a binomia l the 
constant in the binomial is one-half the value of the coefficient of the x-term in the perfect 
square trinomial. 

fl Solve Quadratic Equations by Completing the Square 

In the following example, we solve a quadratic equation by completing the square. 
Several of the examples in this section could be solved by factoring, but we will 
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Understanding 
Algebra 

When completing the square, 

multiply i by 6 to get 

1 

2 · 6 = 3. After that, square 

the 3 to get 32 = 9. 

so lve them by comple ting the square to illustrate the procedure before solving more 
difficult problems. 

EXAMPLE 1 Solve th e equation x 2 + 6x - 7 = 0 by completing the square. 

Solution First note that the squared term has a co~fficient of 1. Ne_xt, to get the 
terms containing a variable by themselves on the left side of the equation, we add 7 
to bo th sides o( the equation. 

x 2 + 6x - 7 = 0 

x 2 + 6x = 7 

Now determine one-half the numerical coefficient of the x-term. In this example, the 1 

x-term is 6x. 

Square this number. 

( 3 )2 = (3)(3) = 9 

Then add this product to both sides of the equation. 

x 2 + 6x + 9 = 7 + 9 

or 

x 2 + 6x + 9 = 16 

By following this procedure, we produce a perfect square trinomial on the left side of 
the equation. The expression x 2 + 6x + 9 is a perfect square trinomial that can be 
expressed as ( x + 3 )2. Therefore, 

x 2 + 6x + 9 = 16 

can be written 

(x + 3)2 = 16 

Now we use the square root property, 

x+3=±vI6 

X + 3 = ±4 

Finally, we solve for x by subtracting 3 from both sides of the equation. 

x+3-3=-3±4 

X = -3 ± 4 

x = -3 + 4 or x = - 3 - 4 

x = l x = -7 

Thus, the solutions are 1 and - 7. We check both solutions in the original equation. 

Check x = 1 

x 2 + 6x - 7 = O 

( 1 )2 + 6(1 ) - 7 J 0 

1 + 6 - 7 J 0 

0 = 0 True 

Now let 's summarize the procedure. 

X = -7 

x 2 + 6x - 7 = O 

( - 7)2 + 6( - 7) - 7 J O 

49 - 42 - 7 J 0 

0 = 0 True 

Now Try Exercis~ 



Understanding -------, 
Algebra \ 
An important step in solving 
a quadratic equation by 
completing the square is to 
get the variable terms on the 
left side and the constant 
term on the right side of the 
equation. After that, 
complete the square with the 
terms on the left side. 

Understanding ---\ 
Algebra \ 
Re member the square of a 
negative number is a positive 
number. Thus, 

(- ~ )2 = ~ not - ~ 

Section l 0.2 Solving Quadratic Equations by Completing the Square 565 

To Solve a Quadratic Equation by Completing the Square 
1· Use the multiplication ( or division) property of equality if necessary to make the numerical coefficient or the squared te rm equal to l. 2· Rewrite the equation with the constant by itse lf on the right side of the equation . 3. Take one-half the numerical coefficient of the first-degree term, square it, and add this quantity to both sides of the equation. 
4• Replace the trinomial with its equivalent squared binomial. 5· Use the square root property. 
6• Solve for the variable. 
7. Check your answers in the original equation. 

EXAMPLE 2 Solve the equation x2 - lOx + 21 = 0 by completing the square. Solution 

x2 - lOx + 21 = 0 
x2 - lOx = -21 Step 2 

Take half the numerical coefficient of the x-term and then square it. You will add this product to both sides of the equation. 

~(-10)=-5, (-5)2 =25 

Now add 25 to both sides of the equation. 

x2 - lOx + 25 = -21 + 25 Step3 
x2 

- lOx + 25 = 4 

or (x -5 )2 = 4 

X - 5 = ±V4 
X - 5 = ±2 

Step 4 

Step 5 

x = 5 ± 2 Step 6 
x = 5 + 2 or x = 5 - 2 
x=7 X = 3 

A check will show that the solutions are 7 and 3. 
NowTry Exercise 13 

EXAMPLE 3 Solve the equation x2 = 3x + 18 by completing the square. 
Solution Begin by subtracting 3x from both sides of the equation. 

x2 = 3x + 18 

x2 - 3x = 18 Step2 

Take half the numerical coefficient of the x-term, square it, and add this product to both sides of the equation. 

l ( -3) = - ~ ( - l)2 

= 2. 2 2' 2 4 

2 9 9 x - 3x + - = 18 + - Step 3 4 4 

( 
3 )

2 
9 X - 2 = 18 + 4 Step 4 
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Step 5 

Ste p 6 

3 9 
x= - +-

2 2 

3 9 
or x = - - -2 2 

12 
X = - = 6 

6 
X = -- = -3 

2 2 

The solutions are 6 and - 3. Now Try Exercise 21 1 

. h me of the intermediate steps. In the following examples we will not s ow so 

EXAMPLE 4 Solve the equation x2 - l6x + 12 = 0 by completing the square. 

Solution 
x2 - l6x + 12 = 0 

x2 - l6x = -12 

x2 - l6x + 64 = -12 + 64 
(x - 8)2 = 52 

x-8=±\1'52 
X - 8 = ±V4 \!'13 
X - 8 = ±2\1'13 

X = 8 ± 2\1'13 

The solutions are 8 + 2 vI3 and 8 - 2 vD. 

Step 2 

Step 3 

Step 4 

Step 5 

Step 6 

NowTry Exercise 29 

EXAMPLE 5 Solve the equation 5z2 
- 25z + 10 = O by completing the square. 

Solution Since the coefficient of the squared term is 5 , we multiply both sides of 
the equation by ½ ( or divide every term by 5) to make the coefficient equal to 1. 

5z2 
- 25z + 10 = 0 

1 1 
5 (5z2 

- 25z + 10) = 5 (0) Ste p 1 

z2 - 5z + 2 = 0 

Now we proceed as in earlier examples. 

z2 
- 5z = -2 

z2 - 5z + 25 = - 2 + 25 
4 4 

( z - & y = -¾ + 2: 

Step 2 

Step 3 

Step 4 



LXERCISE SET 10.2 
\\.,:i ·m-Up Exercises 

Section 10.2 Solving Quadratic Equations by Completing the Square 

( z - lY = 147 

z - ~ = ±.Ji Ster :'i 

5 v:f7 
z- - = ± - -

2 2 

5 V17 
z = 2 ± -

2
- Step n 

5 \117 5 VU 
z = - + -- or z = - - --
. 2 2 2 2 

5+\117 5-\117 
z = z = 

2 2 

Th . 5+\117 5-\117 
e solutions are ----and----. 

2 2 
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NowTry Exercise 33 

Mat:lJtxp MyMath~ 
MathXL® MyMathlab 

Fill in rhe blanks with the appropriate word, phrase, or symbol(s) from the following list. 

perfect square 

add -11 

add 11 

81 
4 

6 

X - 5 

1. A______ trinomial is a trinomial that can be ex­

pressed as the square of a binomial. 

2. The sq uare of the binomial ___ _ __ is the trinomi-

al x: - lOx + 25. 

3. x 2 - 7 x + 2 is not a perfect square trinomial because it can-

not be written as the _ _ _ __ _ 

Practice the Skills 
Solve by completing the square. 

7. x2 + 7x + 10 = 0 8. x2 + 9x + 18 = 0 

10. r2 
- 2r - 35 = 0 11. x 2 + l3x + 12 = 0 

13. z2 
- 6z + 8 = 0 

14. m 2 - 12m + 35 = 0 

16. k2 = 14k - 49 17. x2 = 2x + 15 

x+5 36 

square of a binomial 

4. In a perfect square trinomial with a leading coefficient of 1, if 

the coefficient of the x-term is 12, the constant term is 

5. In a perfect square trinomial with a leading coefficient of 1, if 

the coefficient of the x-term is 9, the constant term is 

6. The first step in solving the equation x 2 + 4x - 11 = 0 by 

completing the square is to ______ to both sides. 

..... 9 . x2 - 8x + 7 = 0 

12. x 2 + l3x + 36 = 0 

15. n2 = -6n - 9 

18. x2 = - 5x - 6 

-. 19. x2 + 10x + 24 = 0 20. - 40 = n2 + 13n 21. x2 = lOx - 16 

22. x2 = 2x + 35 
23. -60 = - p2 + 4p 24. - x2 - 6x + 55 = 0 

25. z2 
- 4z = - 2 

26. z2 + 2z = 10 27. w 2 + 6w = -3 

28. g 2 _ 2g = 9 
29. m2 + 7m + 2 = 0 30. x 2 + 3x - 3 = 0 

31. 3x2 + 6x - 9 = 0 
32. 2x2 + 2x - 24 = 0 ....- 33_ 2x2 + 18x + 4 = 0 

34. 3x2 + 21x - 12 = 0 
35. 3h2 - l5h = 18 36. 4x2 = -28x + 32 

.._ 37. 3x2 - llx - 4 = 0 38. 3x2 - Bx+ 4 = 0 39 . 9t2 + 6t = 6 

4o. 6x2 - 3x = 15 
41. 2x2 - l6x = 0 42. 6x2 - 42x = 0 

43. 3x2 = 27x 
44. 7x2 = 28x 

II... 
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Problem Solving-

45. a) Write a perfect ~q unre tri11 omi ,1l that ha<, a term of IOx . 

b) Explain ho w ylrn constructed vour perfec t squ are 

trin 0mia l. 

46. a) Wri te a petiect ~quarc trinomi al that ha~ ,1 term of l6x. 

h) Explain ho" n1u con~tructed your perfec t ,qu nrc trino· 

minl. 

47. Numberr- \\ hen J t1 1rn'~ a number i~ added tr, the square or a 

number. the sum 1s 4. Fi11J th e nu111ber(s) . 

48. Numbers When .'i time, a numlicr i~ subtrac ted from 2 tim es 

the square nl ,1 nu mhcr. the difference is 12. Fi nd the 

number(~). 

49. Numbers If the squa re ol 3 more th an a number is 9. find the 

number(~). 

50. Numbers l f the square of 2 less th an an int eger is 16, find the 

number( ~) . 

._ 51. Numbers 77,e product of two positive numbers is 21. Find the 

i-wo numbers if the larger is 4 greater than the smaller. 

52. Supporting a Pole A guy wi re 20 feet long is supporting a pole 
as shown 111 the figure. Determine the height of the pole. 

h+ 4 
20 ft 

3 Ladder Leaning on a House A 3?-foot ladder is leanin 
5 . . t a house as shown. Determme the vertical dist g 

aga ins · , 
1 

dd ance 
f . the grou nd to where the a er rests on the h 
rorn ouse. 

/"-_j 
f9 n t ~ 

. I ' a + 18 \ 30 ft 
'\ 
'\ 

\ 
'\ 
'\ L 

a 

54. Sum of Integers The sum of the first n integers, s, can be 
n2 + n . 

found by the formula s = --
2

- . Fmd the value of n if the 

sum is 28. 
55. Height of an Object When an object is thrown straight 

up from Earth with an initial velocity of 128 feet per sec­

ond, its height above the ground , s, in feet , int seconds is 

given by the formula s = - l6t2 + l28t. How long will it 

take the object to reach a height of 240 feet ? (Therefore. 

s = 240.) 

56. Height of an Object Repeat Exercise 55 for a height of 112 

feet. 

- ------- - ------------------------------------

Cl-iallenge Problems 

57. Fill in the shaded area to make a perfect square trinomial. 

x 2 + 81 

58. Fill in the shaded area to make a perfect square trinomial. 

x2 
9 

+-
100 

59. a) Solve the equation x 2 
- 14x - 1 = 0 by completing the 

square. 

Solve by completing che square. 

2 3 J 
6]. X + - x - - = Q 

5 2 
1 2 l 

62. X- - - X - - = Q 
3 5 

b) Check your solution (it will not be a rational number) by 

substituting the value( s) you obtained in part a) for each 

x in the equation in part a). 

60. a) Solve the equation x 2 + 3x - 7 = O by completing the 

square. 

b) Check your solution (it will not be a rational number) bv 

substituting the value(s) you obtained in part a) for each 

x in the equation in part a). 

2 1 63. 3x + -x = 4 
2 

64. O.l x2 + 0.2x - 0.54 = 0 65. - 5.26x2 + 7.89x + 15.78 = O 

Cumulative Review Exercise~ 

[6.4] 
? 

66. Simplify 
2 

r - _x_-_2 

X - X - 6 X - 3· 

(7.4] 67. Explain how you can determine whether two equa-

tions represent parallel lines without graphing the 
equations. 

[8.2, 8.3] 68. Solve the following system of equations. 

2x + 3y = 6 

- x + 4y = 19 

[9.5] 69. Solve the equation \l2xTI = 2x - 3. 

d 
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