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6.6 Solving Rational Equations 

D Solve rational equations 
with integer 
denominato rs. 

El Solve rat ional equations 
where a variable appears 
in a denominator. 

D Solve Rational Equations with Integer Denominators 
• . • h t · ne or more rational expressions A . 

A rational equatmn 1s one t at con ams O · rat10 1 3 x na\ 
· ff" · t , such as - x + - x = 8 or 3x 

equation may contain rational coe icien s, 2 5 2 + ---.:-- :::: K ) . 

. h 4 
A rational equation may also have a variable in a denominator, sue as - :::: ~ X - 2 ' · 

The emphasis of this section will be on solving rational equations where a vari­

able appears in a denominator. 

To Solve Rational Equations 

1. Determine the least common denominator (LCD) of all fractions in the equation 

2. Multiply both sides of the equation by the LCD. This will result in every term in the 

equation being multiplied by the LCD. 

3. Remove any parentheses and combine like terms on each side of the equation. 

4. Solve the equation using the properties discussed in earlier chapters. 

5. Check your solution in the original equation. 

The purpose of multiplying both sides of the equation by the LCD (seep 21 ,s w 
eliminate all fractions from the equation. After both sides of the equation are mulr l'/ied 

by the LCD, the resulting equation should contain no fractions. · 

EXAMPLE 1 Solve _E_ - _E_ = 1 fort. 
- 4 5 

\ 
I 

Solution The LCD of 4 and 5 is 20. Multiply both sides of the equation by:, · 

t t 
4-5= 1 

20 ( ¼ - i) = 20 · 1 Multiply b o th sides by the L 

20( ¼) - 20(i) = 20 Distributive property 

St - 4t = 20 

t = 20 

Check 
t t 
4-5= 1 

20 20 ? 
4-5= 1 

5 - 4 =1 1 

1 = 1 True 

The solution is 20. · 13 I 

~ 
EXAMPLE 2 Solve x - 5 = .± _ x - l 

30 5 10 · 

Solution Multiply both sides of the equation by the LCD, 30. 
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x - 5 4 x - 1 
-- ==-- --

30 5 10 

30 ( ~ ) = 30 (i -~ ) 
30 5 10 

X - 5 = 30 ( i) - 30 ( x l~ l ) 

X - 5 = 24 - 3(x - 1) 

X - 5 = 24 - 3x + 3 

X - 5 = -3x + 27 

l\1 ultiply bo th siuc-.; by the 

LC D . .10. 

Disl rihut ivc propc , Ly 

Distr ibut ive property 

Combined lik e te rm s. 

3x was adclccl to bot h sides. 
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4x - 5 = 27 

4x = 32 

X = 8 

5 was adcl ccl to both sides. 

Both sides were di vided by 4. 

A check will show that the answer is 8. 
NowTry Exercise 27 

fJ Solve Rational Equations Where a Variable Appears 
in a Denominator 

When solving a rational equation where a variable appears in any denominator, you 
must check your answer. Whenever a variable appears in any denominator of a rational 
equation, it is necessary to check your answer in the original equation. If the answer ob­
tained makes any denominator equal to zero, that value is not a solution to the equation. 
Such values are called extraneous roots or extraneous solutions. 

5 3 
EXAMPLE 3 Solve 4 - ; = 2° 

Solution Multiply both sides of the equation by the LCD, 2x. 

Check 

2x ( 4 - ~) = (~) · 2x Mul tiply bo th sides by the LCD.2x . 

2x( 4) - u( ~) -( ! ) · Z x Dist,·ibutivc prnpcrty 

8x - 10 = 3x 

5x - 10 = 0 3x was sub tracted from bo th sides. 

5 3 
4-;=2 

5 7 3 
4 - 2 = 2 
8 5 7 3 
2-2=2 

3 3 
- === -
2 2 

5x = 10 10 was added to both sides. 

x=2 

-n-uc 

h k •tis the solution to the equation. 
Since 2 does c ec ' 1 NowTry Exercise 17 
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p - 5 1 
EXAMPLE 4 Solve -- = - . 

p + 3 5 

Solution 11ie LCD is S(p + 3). Multiply both sides of the equation by the LCD. ' 

(p - 5) 1 
5 GP-t-31 · ..p-+-Y = .fr . 5.f(p + 3) 

5(p - 5) = J(p + 3) 

Sp - 25 = p + 3 

4p - 25 = 3 

4p = 28 

p=7 

A check will show that 7 is the solution. 
Now Try Exerc ise 43 

In Section 2.7 we illustrated that proportions of the form 

a C 

b d 

_/ 

can be cross-multiplied to obtain a· d = b · c. Example 4 is a proportion and can also 
be solved by cross-multiplying, as we will do in Example 5. 

9 5 
EXAMPLE 5 Use cross-multiplication to solve--

1 
= --

3
. ---­

x + x-

Solution 9 5 
x+l x-3 

9(x - 3) = S(x + 1) 

9x - 27 = Sx + 5 

4x - 27 = 5 

4x = 32 

x=8 

A check will show that 8 is the solution to the equation. 

Cross-multiplied. 

Distributive property \\'J, .. 

NowTry Exerc is~ 

The following examples involve quadratic equations. Recall from Section 5.6 ,iat 

quadratic equations have the form ax2 + bx + c = 0, where a i= 0. 

12 
EXAMPLE 6 Solvex +- = -7. --- -------- ­

x 

Solution 12 
X + - = -7 

X 

X ' ( X + ~) = -7 · X Multiply both sides b~ x. 

x( X) + .x--( ~) = -7 x Distributi,e property was ust·u. 

x 2 + 12 = -7x 

x
2 + 7x + 12 = 0 7x \\as added to both sides. 

( x + 3) ( x + 4) = 0 Factored. 

x+3=0 

X = -3 

or x + 4 = 0 Ze ro-factor property 

X = -4 

1 



Understanding - -, 
Algebra \ 

When multiplying both sides 
of an equation by a variable 
expression, checking answers 
is crucial to determine if any 
of your answers are 
extraneous solutions that 
must be eliminated from the i 
final answer. ) 
~ ---~-

Section 6.6 Solving Rational Equations 

Check X = -- 3 

12 
X + - = - 7 

X 

,., 12 7 ,) + - = - 7 
-3 

- 3 + (- 4) J - 7 

- 7 = - 7 True.: 

17,e solutions are - 3 and - 4. 

X = - 4 
12 

X + - = -7 
X 

12 ? 

- 4 + - == -7 
- 4 

- 4 + (-3) J - 7 

-7 = - 7 True 
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NowTry Exercise 57 

EXAMPLE 7 Solve x
2 

-
2x 24 

X - 6 X - 6. 

Solution If we try to solve this equation using cross-multiplication we will get a 

cubic equation. We will solve this equation by multiplying both sides of the equation 
by the LCD, x - 6. 

Check 

x2 
- 2x 24 

x-6 x-6 

x2 
- 2x 

.x-------6 •--­
.x------6 
x2 

- 2x = 24 
x2 

- 2x - 24 = 0 

(x + 4)(x - 6) = 0 

x+4=0 
X = -4 

or x - 6 = 0 

X = 6 

X = - 4 

24 x2 - 2x 

x-6 X - 6 

(- 4)2 
- 2( - 4) J _2_4 _ 

- 4 - 6 - 4 - 6 

16 + 8 J ~ 
-10 -10 

24 24 
-10 -10 

True 

Multiply both sides by the LCD_ x - 6. 

24 was subtracted from both sides. 

Factored 

Zero-factor property 

x= 6 

x2 
- 2x 24 

x-6 x-6 

62 
- 2( 6) J 24 

6 -6 6 -6 

24 24 
0 0 
i i 

Since the denominator is 0, and we 

cannot divide by 0, 6 is not a solution. 

Since 
24 

is not a real number, 6 is an extraneous solution. Thus, this equation has 
0 . 

only one solution, -4. 
NowTry Exercise 47 

Helpful ffi~t-, 
Remember, when solving a rational equation in which a variable appears in a denominator, 

you must check all your a~swers to make sure t?at none is an extraneous root. If any of your 

answers make any denommator 0, that answer 1s an extraneous root and not a true solution . 

5w 1 4 
EXAMPLE 8 Solve-- + - - = --. ----------

w2 - 4 w - 2 w + 2 

Solution First factor w 2 
- 4. 

5w 1 4 
- ------+-- -=---
(w+2)(w-2) w-2 w+2 
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· b the LCD (w + 2)(w - 2)-
Multiply both sides of the equation y ' 

[ 
5w + __l_] = -

4
- · (w + 2)(w _ 2) 

(w + 2)(w - 2) (w + 2)(w _ 2) w - 2 w + 2 

1 4 
5w )( 2)· - · - = - - • (w+2) (w - 2) (w +2)(w- 2)· ---------:- +(w+l w- w-2 w+2 

( w + 2)( w - 2) 

1 4 
5w -·· ~ ) .-- = --• (-W-f7)( (-'W-f T )( -w-----T) ·----- + (w + 2)(.w- "' ~ ,w-+-T W - 2) 

( :w-+---T) (-w---=-7') 

Understanding -­
Algebra 

When adding and subtracting 
rational expressions, we 
usually end up with an 
algebraic expression. 

When solving rational 
equations, the solution, if one 
exists, will be a numerical 
value or values. 

5w + ( w + 2) = 4( w - 2) 

6w + 2 = 4w - 8 

2w + 2 = -8 

2w = -10 

w = -5 

A check will show that -5 is the solution to the equation. 
Now Try Exer1'l',e: 65 

_/ 

Some students confuse adding and subtracting rational expressions with solving rational 
equations. When adding or subtracting rational expressions, we must rewrite each expr1:,sion 
with a common denominator. When solving a rational equation, we multiply both sidb of the 
equation by the LCD to eliminate fractions from the equation. Consider the fo llowing 1wo 
problems. Note that the one on the right is an equation because it contains an equals sign . We 
will work both problems. The LCD for both problems is x ( x + 4). 

Adding Rational Expressions 

X + 2 3 -- + -
x+4 X 

We rewrite each fraction with the 
LCD,x(x + 4). 

x x+2 3 x+4 
= -•--+ - ·--

x x+4 x x+4 

x(x + 2) 3(x + 4) 
=----+ - ---

x(x + 4) x( x + 4) 

x2 + 2x 3x + 12 ----+----
x(x + 4) x(x + 4) 

x2 + 2x + 3x + 12 

x(x + 4) 

x2 + Sx + 12 
x(x + 4) 

Solving Rational Equations 

X + 2 3 

x +4 X 

We eliminate fractions by multiplying both 
sides of the equation by the LCD, x(x + 4)-

(x)~ ( x + 2) = i_ (d)(x + 4) 
-~ 4 ,£ 

x(x + 2) = 3(x + 4) 

x2 + 2x = 3x + 12 

x2 - X - 12 = Q 

(x - 4)(x + 3) = 0 

x - 4 = 0 or x + 3 = 0 

x = 4 X = - 3 

. , u::1 1,nn-
The numbers 4 and - 3 on the right will both check and are thus solutions to the e4 



t ~ R~ISE SET 6.6 
. . 111-Up Exercises 

\\,ll 

Mathl.-xf? 
MathXL ~ 

M)'Math~ 
MyMathlab 

. . the blanks with the appropriate word I- . 
f ,/1 ,,, 'P II ase, o r symbol(s) from the fo/fowing list. 

CD check 
1,., • rational express ion 

• nal equat10n multiplied 
No 

Yes 

(x+ l )(x-3) 

r~1 10 x + I 

1 
When solving rational equations, both sides of ti 3 

• 

• ______ by the LCD. · 1e equation are 

Z When solving rational equations with va1.1· .1bl d . 
• • • c e enomma-

wrs. it 1s very important to ______ _ 
r x 5 . your answers. 

J, ~ - 3 + l x + 7 1s an example of a ______ _ 

4 n,e first step in solving a rational equation is d t · • 
· f e ermmmg 

rile------ o all fractions. 

r X 5 . 
:; :- - - = 

2 
+ 

7 
1s an example of a ______ _ 

·• 2 3 X 

rractice the Skills 

So/re each equation and check your solution. See Examples 1 and 2_ 

.r X X X 

9 - + - = 10 10. - - - = 10 
. 3 2 3 2 

X X 
l 'i - - - = 1 
. . 3 4 

t t 
14. - - - = 2 

5 6 

- z 3w 
I 7. t + 6 = S 18. S - 6 = w 

3 q q 21 
11. d + 7 = 2d + 5 22. 5 + 2 = 10 

,
5 

n + 6 = S(n - 8) 
1
~ 3(x - 6) 4( x + 2) 

-· 3 10 v 5 s 
-p + 1 13 p p - l 

29.---+-=----
4 20 5 2 

31. d - 3 + _l = 2d + 1 
4 15 3 

34 

15 

Solve each equation and check your solution. See Examples 3-8. 

3 11 
33. 2 + - = -

X 4 

'11 37. i _ l_ = ! 
n 2n 2 

5 4 
~l. -=--

a+3 a+l 

45. ~ = _5_ 
x- 4 x-4 

49. ~ _ n + 4 
11 +2-n+lO 

... 53, --'5_ _ 3 
k+2-k-2 

57, X + 20 = _
9 

34. 

38. 

46. 

50. 

54. 

58. 

1 14 
3--=­

x 5 
5 2 

- + - = 1 
3x X 

5 1 
--=--
x+2 x- 4 

3 3 
-+9=­
x X 

x+S x -6 

x +l= x -3 

3a - 2 __ 3_ 

2a + 2 a - l 
32 

6. (Yes or No) l s x = 2 a solution to the equation 

3 2 4x 
-- + -- = --? 
x-2 x+2 x 2 -4· ------

7. (Yes or No) Is x = 1 a solution to the equation 

3 2 7x 
-- + -- = --? 
x-2 x+2 x 2 -4·------

9 5 
8. The first step in solving the equation -- = --

3 
is to 

X + 1 X -

multiply both sides of the equation by the algebraic expres-

sion _____ _ 

11 2'.__2'._=1 
. 6 4 2 

r r 1 
15. - = - + -

6 4 3 

z 2 z 1 
19. - + - = - - -

6 3 5 3 

23. 
1 

3k + - = 4k - 4 
6 

27. 
x-5 3 x-4 
-- ----

15 5 10 

30_ _!_ _ n + 1 = ~ _ n + 10 

10 6 5 15 

t+4 5 t+7 
32. --= - +--

5 8 40 

5 9 
35. 7 - - = -

X 2 

...a· 39_ 

43. 

X - l 

x -5 
y + 3 

y - 3 
x2 

4 

x-5 
6 
4 

9 
47 --=--

. x -3 x-3 

1 3r 
51· -; = 8r + 3 

4 20 
55. - + r = -

r r 
3y - 2 y + 2 

59. l = 4 - --
y + y - l 

X X 1 u . 
6 4 2 

16. 
n n 2 
-=-+-
5 6 3 

20. 
m - 2 2 m 
--=-+-

6 3 12 

24. 
p 1 p 1 
-+-=---
4 4 3 2 

28. 
z + 4 3 2z + 2 
--

6 2 

3 9 
36. 4 + - = -

z 2 

2x + 3 3 
40 . 

x +2 2 
X 

44. 
x+6 

2 

48. 
x2 

5 

25 
x +5 x+5 

52. !=~ 
r r + 15 

5 14 
56. a+ - = -

a a 

12 

2b 5 
60. b+1 = 2 - 2

b 

X 

... 61. _J_ + _1_ = -5 

X - - = 4 
X 

r + 2 3 6 
r -5-4=r - 5 

X 3 3 
63. - -,., + - = -­
- x - _, 2 x-3 62. 

·: + 3 X - 3 x 2 - 9 

64/ -=-1'.__ 2y - 16 = y - 3 
2Y + 2 + 4y + 4 y + l 

65. 
3 4 11 

X - 5 - X + 5 = x2 - 25 
66

) 2n2 
- 15 = n + l + n - 3 

n2 + n - 6 n + 3 n - 2 
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67. ~+-1-= _ 3_ 
r-9 x-3 x+3 

3 5 _ ----2~--
68. ---,, + - + 4 - x 2 + 7x + 12 

1 1 2 
69· y - l + 2 = y2 - 1 

X + _1 X 

(7'Q. ~ = _Y_ _ 3 
3t t -~ 

1 +--
2 _ 1_ _ 2 

72· x - 2- x+l - ~ 
X - 2 

,, ·· y + 2 y + 3 y 2 + Sy + 6 
7 . 6t + 6 21 + 2 t + l 

Problem Solving 
. . E lain how you determined your answer. 

In Exercises 73-78 determine the solutwn by observatwn. xp · x x 
. ' 1 X 5 75. -- + -- = Q 

_ . 73_ 3 .. t-2 74 -+- = - x-6 x -6 
~ --=-- ·2 2 2 

x-2 x-2 3 1 2 
X - 2 X - 2 2X - 4 78. 

X 3x 
76. - + - = X 

4 4 
77. -3- + - 3- = -3- X X X 

79. Optics A formula frequently used in optics is 

1 1 1 -+-=-
p q t 

where p represents the distance of the object from a mirror 
( or Jens), q represents the distance of the image from the 
mirror ( or lens), and f represents the focal length of the mir­
ror ( or Jens). If a mirror has a focal length of 10 centimeters, 
how far from the mirror will the image appear when the 
object is 30 centimeters from the mirror? 

Challenge Problems 
x 2 9 

80. a) Explain why the equation x _ 
3 

- x _ 
3 

cannot be 

solved by cross-multiplying using the material presented 
in the book. 

b) Solve the equation given in part a). 
X - 4 -4 

81. Solve the equation 2 x 2 _ 
4 X - 2x , 

82. Electrical Resistance In electronics the total resistance R7 , 

of resistors wired in a parallel circuit is determined by the 
formula 

1 1 1 1 
-=-+-+-+ 
R7 R1 R2 R3 

Group Activity 
Discuss and answer Exercise 84 as a group. 
84. a) As a group, discuss two different methods you can use to 

. X + 3 X 
solve the equation -

5
- = 4. 

b) Group member 1: Solve the equation by obtaining a com­
mon denominator. 

Group member 2: Solve the equation by cross-multiplying. 
Group member 3: Check the results of group member 1 
and group member 2. 

c) Individually, create another equation by taking the recip­
rocal of each term in the equation in part a). Compare 
your results. Do you think that the reciprocal of the an­
swer you found in part b) will be the solution to this 
equation? Explain. 

d) Individually, solve the equation you found in part c) and 
check your answer. Compare your work with the other 
group members. Was the conclusion you came to in part 
") c.orrect? Exolain. 

where R1 , R2 , R3 , ... , Rn are the resistances of the individ­
ual resistors (measured in ohms) in the circuit. 

a) Find the total resistance if two resistors, on., of 200 
ohms and the other of 300 ohms, are wired in ,, parallel 
circuit. 

b) If three identical resistors are to be wired in parallel 
what should be the resistance of each resistor i: die total 
resistance of the circuit is to be 300 ohms? 

83. Can an equation of the form!!_ + 1 = !!_ have a rd nu mber 
X X 

solution for any real number a? Explain your ansiwr 

1 1 2 Cl . -k l'Oll! 
e) As a group, solve the equation~ + 3 == ~- K c · 

result. ,_ . 
k. ) the rcc1r1· 

f) As a group, create another equat!on by ta 111
~ Do it'U 

rocal of each term of the equation !Tl par t_ ).J. 1 pilfl 
toun ii think that the reciprocal of the answer you . 

e) will be the solution to this equation? Explain. f anJ 

t. d in part ) 
g) Individually solve the equation you oun 

1 
, other 

' . ·k ith l lC check your answer. Compare your woi w -eel co11· 
k the con group members. Did your group ma e 

clusion in part f) ? Explain. _ lution 
rhe )0 

h) As a group discuss the relationship between on 
' ~ 
. 7 3 

1 
• 11 to the eq 

to the equation-- = - and the so utio 
X - 9 X 

X - 9 X . -- = - . Explam your answer. 
7 3 
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